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1. Introduction

The uncovery of new nonlinear integrable completely discrete equations 
is always a very challenging problem as, by proper continuous limits, 
many other results on differential-difference and partial differential
 equations can be obtained. Computational schemes.
In the case of differential  equations by now a lot is known starting from 
the pioneering works by Gardner, Green, Kruskal and Miura (1968). 
A summary of these results is already of public domain and presented 
for example in the Encyclopedia of Mathematical Physics. Among those 
results let us mention the classification scheme of nonlinear integrable 
partial differential equations constructed by Shabat using the formal 
symmetry approach. The classification of differential-difference 
equations has also been carried out using the formal symmetry approach 
by Yamilov and it is a well defined procedure which can be easily 
computerized for many families of equations. 
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In the completely discrete case the situation is different.
Many researchers have tried to carry out the approach of formal
symmetries introduced by Shabat, without any success up to now.  
The first exhaustive results in this context, based on completely different 
ideas, are given by the Adler-Bobenko-Suris (ABS) classification
of Z2 lattice linear affine nonlinear equations defined on the square lattice.
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2. A short review of the ABS equations

A two-dimensional partial difference equation is a functional relation among the 
values of a function u: ZxZ ⇒ C at different points of the lattice of indices n,m. 

E (n,m, un,m, un+1,m, un,m+1,un+1,m+1,….; α, β)=0.

Notation:   u= u0,0=un,m;            uk,l= un+k,m+l .
ABS list of  integrable lattice equations, namely those affine linear (i.e. polynomial 
of degree one in each argument) partial difference equations  whose integrability
is based on the consistency around a cube 
( 3D-consistency) One starts from 
a square lattice, defines the variables 
on the vertices u0,0, u1,0, u0,1, u1,1. 
One then adjoins a third direction 
and imagines the map giving u1,1,1 as 
being the composition of maps on 
the various planes.
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This gives strict conditions on the nonlinear equation, but they are not sufficient to 
determine it completely. Two further constraints have been introduced by 
Adler, Bobenko and Suris. They are:

Equivalence condition:



6



7



8

Lax Pairs for the ABS equations
Algorithmic procedure to construct the Lax pair for the ABS equations.
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Its scalar form reads:

Miura Transformations for Eqs. (H1-H3, Q1-Q3) 

 can be inverted giving u0,0 in term of v0,0
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Generalized symmetries for the ABS equations

the three- and five-point generalized symmetries have been found for 
all equations of ABS list.

A symmetry is a differential equation compatible with the given equation

E (n,m, un,m, un+1,m, un,m+1,un+1,m+1,….; α, β)=0
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The ABS equations may be interpreted as 
Bäcklund transformations for the symmetries
 presented.       The case of Eq. (H3).
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Generalized symmetries via 
Master symmetry

Master symmetry 
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4. Conclusions

We have shown that the ABS equations are: 
1. Reducible to Bäcklund transformations for Volterra-type equations 
2. Symmetries are a subcase of the YdKN 

The classification of the ABS equation is very restrictive
There should be more equations to come as Bäcklund transformation 

from the YdKN equation

THANKS


